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. INTRODUCTION & PRILIMNARIES

his is well known that, Banach contraction principle is the fundamental contraction principle for proving fixed
Tpoint results. The concept of G- Banach space is introduce by [11], which is a probable modification of the
ordinary Banach Space. In this section some properties about G- Banach space are recall. In section 2,
fixed point and common fixed point theorems for four weakly compatible maps in G- Banach space are
proved .
In what follows, N be the set of natural numbers and Rt be the set of all positive real numbers.
Let binary operation V. : R* x R* — R* satisfies the following condiitions.

A V /s associative and commutative,
/. V is continuous.
Five typical examples are as follows.
for each a,b € R*

L a Vb = max{ab}

I. aVb = a+b

1. a Vb = ab

IV. aVb = ab+a+b
ab

V. aVb = max {a ,b,1}

Definition: 1.1 [11]
The binary operation V js said to satisfy a - property if there exists a positive real number «, such that
a Vb < max{ab} forevery a,b € Rt

Example: 1.2
If wedefine a Vb = a+b, for each a,b €R™, then for a = 2, we have

aVb < amax {a b}

If wedefine a Vb = ab . for each a,b € R, then fora = 1, we have

max {a ,b,1}
aVb < amax {a b}

Definition:- 1.3[11]
Let X be a nonemply set, A Generalized Normed Space on X, is a function ||.|lg: X xX - R*,
that satisfies the following conditions for each x,y,z € X.
(1) llx—=ylly >0
2) llx=ylly = 0if and only if x=1y
B llx=ylly = lly—xll,
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(4 laxlly = lalllxlly for any scalara.
() Nx=ylg= llx—zlg v liz—xll,

The ,oa/'r( X - 1lg ) 1s called Generalized Normed Space, or simply G- Norrmed Space.

Definition. - 1.4[11]
A sequence {x,} inXis said converges tox, if ||x, —x|l; >0, as n—o0. That is for each e >0 there
exists ng € N such that, for every n = ny implies that, ||x, —xl|l; < e

Definition:- 1.5 [11]

A sequence {x,} /s said o be Cauchy sequence if for every e >0, there exisis ny € N such ithat
lxn, —x,ll; < € for each m,n= ny. G- Normed space is said to be G- Banach space If every Cauchy

sequence is converges in ft.

Definition: 1.6[11]
Let (X,|.ll;) be aG- normed space. for r >0 we define

B,(x,7) = {y EX: lx—ylly, < T}

Let X be a G- Normed space and A be a subset of X. Then for every x € A, there exists r > 0, such
that By(x,1) € A, then the subset A is called open subset of X.a subset A of X s said to be closed If the
complement of A is open inX.

Definition: 1.7[11]
A subset A of X is said to be G- bounded if there exisis r > 0 such that
lx=yllg <7 for all x,y € A.
Some example of ||. ||y are as follows.
a) letX be anonemply set then we define |lx —ylly, = llx —yll for every x,y € X, Where a V.b = a+b for

a,b € RY and ||| /s ordinary normed space on X.
b) letX be anonempty set. We define,

_ (0, x=y
llx=ylly = {1 ,otherwise
Foreach x,y € X, where a V. b = max{a,b}for a,b € R*.
Lemma: 1.9[11]

Let (X,||-Il;) be aG- Normed space such that, V, setisfy a —property with a > 0.
if sequence {x,} in X /s converges fto x, then x, is unique.

Lemma: 1.10[11]
Let (X,||.1l;) be aG- Normed space such that, V, setisfy a —property with a > 0.
if sequence {x,} in X is converges to x, then {x,} is Cauchy sequence.

Definition: 1.11[11]

Let A and S be mappings from a G- Banach space X into itself. Then the mappings are saidto be
weakly compatible if they are commute at their coincidence point, that is Ax = Sx implies that, ASx =
SAx.

[1. MAIN RESULTS

Theorem 2.1:- Let X be a complete G- Banach space such that V satisfya — property witha < 1. If T be a
mapping fromX into it, satisfying the following condiition;,

llx — Txllgllx — Tyl v lly = Txllglly — Tyllg)
llx = yllg llx = yllg

ITx = Tylly < ky (

f (IIx = Txllglly — Tyllg v llx = Tyllglly — Txllg>
2 llx =yl llx —yllg

+ ka{llx — Txll,VIly = Tyl Viix — Tyll,Vily — Txll, VIix — vl } 2.11
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For non negative kq,k,, ks such that 0 < ky + k, + ks < 1. ThenT has unique fixed point inX.

Proof - let xy be arbitrary point inX, then we choose a pointx, inX such that x; = Txy. In general we

have a sequence{x,} inX such that x,,1 = Tx,

Now ||x41 — xn+2”g = |ITx, — Txn+1”g

From2.1.1 we have,

”xn - Txn ”g ”xn - Txn+1 ”g ”xn+1 - Txn ”g ”xn+1 - Txn+1”g)

T, — Toxp sl Sk1(
" niill ”xn - xn+1”g ”xn - xn+1”g

k (”xn - Txn”g”xn+1 - Txn+1”g ”xn - Txn+1”g”xn+1 - Txn”g)
2

”xn _xn+1”g ”xn _xn+1”g

k ”xn - Txnllgvllxn+1 - Txn+1”gvllxn - Txn+1”g
3 V”xn+1 - Txnllgvllxn - xn+1”g

”xn - xn+1”g”xn - xn+2”g v ”xn+1 - xn+1”g”xn+1 B xn+2”g>

T2, — Toxp il Sk1<
" nrtle ”xn - xn+1”g ”xn - xn+1”g

k (”xn — xn+1”g”xn+1 - xn+2”g ”xn — xn+2”g”xn+1 - xn”g)
2

”xn _xn+1”g ”xn _xn+1”g

+k ”xn - xn+1”gV”xn+1 - xn+2”gvllxn - xn+2”g
’ Vi1 41 = Xns1llgVIXn = Xniallg

”xn+1 - xn+2”g =< klmax(”xn - xn+1”g' ”xn+1 - xn+2”g)
+ kZmax(”xn - xn+1”g; ”xn+1 - xn+2”g)

+ ksmax{l|x, — xps1llg 1Xns1 — Xns2lly}
If we take max, ||x, 41 — xp42llg, then we have,
¢p 11 — xpiz2lly < (kg + kg + k)X — xp42lly
Which contradiction the hypothesis, so we have

141 = Xns2lly < Cey + kg + k3)llx, — 44l
Similarly we can find,

xp1 = xallg < (kg + ko + k3) llxn 1 — xallg
In this way, we can write,

lxp 41— xnllg < (kg + kg + k3)™ llxn—1 — x5 llg

limy o0 llXn 41 — xlly = 0
which implies, {x,,} s a Cauchy sequence,. Which converges to'u' inX.

Now on taking, x = x, and y = win[2.1.1], then we get

Iz, — Txpllgllx, — Tully _llu—Tx, |l llu — Tull
||Txn—Tu||gSk1( n_ o ngnon g g g

llx, —ullg llxn, —ullg

k (”xn - Txn”g ”u - Tu”g ”xn - Tu”g”u - Txn”g)
2
I, —ully llxc, —ully
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ks {len = Tx, |4 Vllw — Tull,Vllx, — Tullg}
Vllw = T, [l Vi, = ull,
asn—- o, weget Tu = u.
i.e. u,is a fixed point of T in X.
Uniqueness
Let us assume that, ‘w’is another fixed point of T, different from ‘u’in X. then, u #w
lw —Twll llw —Tull, _Illu—Twll,llu— Tullg>
llw —ull, llw —ull,

ITw — Tully < kq (

i (IIW = Twllgllu —Tull, _llw — Tull,llu - TW|Ig>
? lw —ull, lw —ull,

i lw —TwllgVilu — Tull,Vilw — Tull,
’ Vilu=TwllzVlw —ullg

lu—wll < (ki +kp +k3) lu—wll
This is a contradiction .so ‘u’ is unique fixed point of T, in X.

Theorem 2.2.-
Let X be a complete G- Banach space such that V satisfy a — property witha < 1. /S, T be compatible
mapping fromX into itself, satistying the following condition,
ll2x — Sxll 4 llx = Tyll, v lly — Sxllglly — Tyllg>
llx —ylly llx —ylly

ISx = Tylly < kq (

" <||x = Sxllglly =Tylly _llx = Tyllglly — Sx”g)
2 llx =yl llx =yl

+ ka{llx = SxllyVlly = Tyl Vilx = Tyll,Vily — Sxll,Vilx = yll;} 2.2.1

for non negative kq,ky, ks suchthat 0 < ki +ky, + ks <1.ThenS, T have unique common fixed point inX.
Proof -
Letxy be arbitrary point inX, then we choose a pointx, in X such that x; = Txy. In general we have a
sequence{x,} inX such that, x,.1 = SXxp, Xpi2 = TXpiq
Now
”xn+1 - xn+2”g = "an - Txn+1”g
From 2.2.1 we have,

”xn - an”g”xn - Txn+1”g ”xn+1 - an”g“xn+1 - Txn+1”g>

152, = Ty ll Skl(
" nrle ”xn_xn+1”g ”xn_xn+1”g

k (”xn - an”g“xn+1 - Txn+1”g ”xn - Txn+1”g“xn+1 - an”g)
2

”xn _xn+1”g ”xn _xn+1”g
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k ”xn - an”gv"xn+1 - Txn+1”gvllxn - Txn+1”g
3 V”xn+1 - an”gvllxn - xn+1”g

”xn - xn+1”g”xn - xn+2”g v ”xn+1 - xn+1”g”xn+1 - xn+2”g>

1% 41 — X2l Skl(
mt el ”xn - xn+1”g ”xn - xn+1”g

+k <”xn - xn+1”g”xn+1 - xn+2”g ”xn - xn+2”g”xn+1 - xn”g)
2
”xn - xn+1”g ”xn - xn+1”g
+k {”xn - xn+1”gvllxn+1 - xn+2”gV”xn - xn+2”g}
3

Vilxps1 = g1 llg VX, — xn41llg
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”xn+1 - xn+2”g < klmax(”xn - xn+1”gr0)
+ kgmax(llx, = xn1allg, 12041 — Xns2lly)

+ ksmax{llx, — xpi1llg, 12,41 — X2l }

If we take max, ||x, 41 — xp42llg, then we have,

2tn 41 — Xns2lly < (hy + Ky + k)11 — xn42llg

Which contradiction the hypothesis, so we have

241 = Xn2lly < (kg + Ky + k3)llx, — 2441l

Similarly we can find,

xni1 = Xnllg = (ka4 kg + k3) llxp—1 = %l

In this way, we can write,

”xn+1 - xn”g < (kl + k2 + k3)n ”xn—]_ - xn"g

as n —»> o

limy, L, [|%n 41 — xn”g -0

Which implies, {x,} isa Cauchy sequence,. Which converges to'u' inX.

Since S and T are compatible mapping, which implies,

u = lim,_, STx, = Slim,_, Tx, = Su, also

u = lim,_, STx, = Tlim,_, Sx, = Tu.

ie, ‘u’is common fixed point ofS andT, in X.

Uniqueness,

Let us assume that, ‘w’is another fixed point of T, different from v’ inX. then, u #w

w —Sw||,|lw — Tul| u—Swll,llu—Tul|
||SW—Tu||gSk1<” Ily gl Ily g

lw —ull, lw —ull,

i <||W — Swllgllu = Tull, v lw —Tullyllu — SW”g)
2 lw —ull, lw —ull,

(1w = Swlly ¥l = Tull, Vilw ~Tul,
? Vil = Swll, Vilw — ull,

lu—wll = (ki +kp +k3) lu—wll

This is a contradiction .So ‘u’ is unique common fixed point of S, and T, in X.

Theorem.: 2.3 Let X be a G- Banach space, such that V satisfy property with a — a < 1. If A,B,S and T be
mapping from X into itself satistying the following condiition:

L

VA

IiL.

AX) € T(X), BX) & S(X),and T(X)or S(X) /s a closed subset ofX.
The pair (A,S)and (B,T) are weakly compatible,
For all x,y € X,

ISx —Axllgll Sx=Byllg o, IITy —Axll4 ITy =By |
lx = Byll, <k (Spla =l el

ISx=Tyllg ISx=Tyllg

, <|I5x — AxllglITy — Byll, v ISx = ByllglITy — AXI|9>
ISx = Tyllg ISx = Tyll,

+ k3{lISx — Ax|,VIITy — Byll,VIISx — Byll,VIITy — Axl;VIISx — Tyl }
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Where kq, ky ks3> 0 and 0 < ki+ k,+ks < 1. Then A, B, S, and T have a unique Common fixed point in
X.

Proof -

Let x, be an arbitrary point in X. then by (i), we choose a point x, in X such that y, = Axy=Tx;
and y, = Bxy = Sx,. In general, there exists a sequence {y,} such that, y,, = Axy, = Txypy1 and
YVon+1 = Bx2n+1 = Sx2n+2 forn = 1,2,3, ......

We claim that the sequence {y,} is Cauchy sequence.

By (iii), we have,

[1y2n _y2n+1”g = ||Axy,, Bx2n+1”g

ISx2n —Ax2n llgISx 20 —Bx2n +1llg v ITx2n +1—Ax2n llgITx20 +1—Bx2n+1 ”g)
1Sx20 =Tx2n +1llg ISx20 =Tx2n+1llg

Moy = Brznaally < o

<||5x2n — Axon g T X241 — BXony1llg _ 1SX2n — BXon s llglITx2041 — AxZn”g)
2
1Sx2n, — Tx2n41ll4 1Sx2n, — Tx2n 41l

1Sx25 — Ax2n |l g VIIT X241 — BX2n41llgVIISX2n — BX2nally
3 leTx2n+1 - AxZn”gV”SXZn - Tx2n+1”g

ly2n-1-y2nllgy2n—yan+1llg o 1y2n—vanllgly2n—yan+1 ”g)
||J’2n—1_3’2n”g ”3’211—1_3/2n||g

ly2n = Yonsally < kg (

+k <”y2n—1 - YZn”g”y2n _y2n+1||g v ”y2n—1 - y2n+1”g”y2n - y2n||g>
2 ”yZn—l _yZn”g ||YZn—1 _YZn”g

K {”}’211—1 = YoullgVllyzn — Y2ns1llgVIIyzn—1 — y2n+1”g}
3 VIIy2n = YanllgVIlyzn-1 — yanlly

”3’21171_3’2n||g||y2n_y2n+1"g ”3’211_3’211||g||3’2n_3’2n+1”g
e = Vonially < Jeymax(

lly2n-1—y2n "g ”}’Zn—l_}’Zn”g

+k <”)12n—1 - y2n”g”y2n - YZn+1”g v ”y2n—1 - y2n+1”g”y2n - y2n||g>
: ly2n-1 — Y2n ”g ly2n—1 — Y2n ”g

K {||3’2n—1 = Y2nllgVIIyzn = YansallgVIyzn-1 — J’2n+1||g}
3 VIIy2n = YanllgVIlyzn-1 — yanlly

ly2n = Yonsally < Cky + ko + k3)lly2n—1 — yanllg
That is by induction we can show that
ly2n — Yonsally = Cky+ kg + k)™ llyo — 1llg
Asn— o, lyzn —yamsally, = 0
For any integer m = n
It follows that, the sequence {y,} is a Cauchy sequence which converges toy € X .
This implies that
lim, oo Vo = limy o AXyp = im0 BXopi1 = liMy0o SXopao = iMoo TXppeq =Y
Now let us assume that, T(X) is closed subset of X, then there exisis v € X such that
Tv = y. We now prove that Bv = y. by (iii), we get

© 2012 Global Journals Inc. (US)



1Sx2n —Ax2n llg | Sx2n =BVllg o ITv=Ax245 llg ITv—Bvl|
1Axsy = Blly < ey (zenlal el a2l

[ISx2n _TU”g ”SXZn_TV”g

k (llstn - AxZn“g ”TU - BU”g ”SxZn - BU”g ”TU - AxZn”g)
’ 12 = Tl 1220 = Tl

”SxZn - AxZn”gV”TU - Bvllgvllstn - Bvllg
: VIIT — Al VIISxs0 — Tl

asn—> o, |ly=Bvll; < (ki+k;+ks) lly—Bvll,
Which conitradiction, it follows that Bv = y = Tv. Since B and T are weakly compaltible mappings,
then we have BTv = TBv which implies By = Ty.
Now we prove that, By = vy, for this by using (iii), we get

ISx2n —Ax2n ”g Il Sx2n —By ”g ITy —Ax2p ”g ”Ty_By”g>
”SxZn_Ty”g 15225, _Ty”g

s, = Byll, < o

k <”Sx2n - AxZn”g”Ty - By”g ”SxZTI - By”g ”Ty - Ax2n||g>
: 15220, = Tyl 15220 = Ty llg

{IISXZn — AxznllgVIITy = ByllgVIISxz, — Byllg}
3 V”Ty - AxZn”gvllstn - Ty”g
asn— o, |y=Byll; < (ki+ky+k3) |ly—Byll,
Which contradiction. Thus By = y = Ty
Since B(X) © S(X), there exisis w € X. such that Sw = y. we show thal, Aw = y. from (iii)

IsSw—AwllgllSw—Byllg o ITy—AwllglITy —By ”g)

— <
lAw = Byll, < k1< lIsw—Tyllg lIsw—Tyllg

<|I5W — Awl|glITy = Bylly _lISw — Byll,IITy — AW|Ig>
2 ISw —Tyllg ISw —Tyll,

i ISw — Aw||;V|[Ty — Byl VIISw — Byll,
3 VIITy — Aw|l VIISw — Tyll,
lAw — Byll, < (ki +kz +k3) [lAw — Byll,
lAw = yllg < (ki + ko + k3) lAw = yllg

Which contradiction, so that Aw =y = Sw Since A and S are weakly compatible, then ASw =
SAw and so Ay = Sy.

Now we show that, Ay = vy, from (iii),

ISy=AyliglhSy—Byllg o ITy—AyllglITy —By ”g)

— <
lAy = Bylly, < kl( ISy-Tyllg ISy=Tyllg

. (IISy — Ayl NITy — Byll, v ISy — Byll IITy — Ay||g>
? ISy = Tyllg ISy = Tyllg

. {IISy — Ayl VIITy — Byll,VIISy — Byllg}
3 V|ITy — Ayll,VIISy — Tyll,

, o Ay —yll; < (ki + k2 +k3) [[Ay = ylly
Which contradiction,
Thus Ay = y andtherefore Ay = Sy = By= Ty= y.
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y Is a common fixed point of A, B, S, T, in X.
The proof is similar when we assume that, S(X) /s a closed subset of X
Uniqueness.-
Let us assume that x is another fixed point of A, B, S, T different fromy in X.

Then from (iij), we have

ISx—Axllgll Sx—Byllg o IITy —Axll4ITy —By ”g)

— <
ll4x = Bylly =< kl( Isx—Tyll, Isx—Tyll,

, <|I5x — AxllglITy — Byll, v ISx = ByllglITy — Ax||g>
ISx = Tyllg ISx = Tyll,

{IISx — Ax||4VIITy — Byll4VIISx — Byllg}
’ VITy — AxllgVIISx = Tyll,

lx=yllyg = (k1 +ko +ks) llx =yl
This s contradiction. Thusx = y.This completes the proof of the theorem.
Remark:-

1. I/f welakeS =T intheorem- 2.2 then we get theorem 2.1
2. If wetakeS =T =1 intheorem- 2.3 then we get theorem 2.2
3. If wetakeA=BandS =T =1 intheorem - 2.3 then we get theorem 2.1

Corollary 2.4 . Let X be a complete G- Banach space such thatV satisfy a — property witha < 1. /fT be a
mapping fromX info it, satistying the following condition;

llx =T xllgllx = Tyl v ly =T xllglly = T5y||g>
llx = yllg llx = yllg

IT"x =Tylly < ky (

" <||x =T xllglly = T°ylly _llx = T*yllglly — Trxl|g>
? llx —ylly llx = ylly

+ ka{llx = T7xllVlly = TsyllgVilx = TsyllgVily = T xllgViix — vl } 24.1
For non negative kq,k,, ks such that 0 < ki +k,+ ks <1,andr,s € N(set of natural number) . Then T
has unique fixed point in X.
Proof : This can be proved easily by theorem - 2.1, on takingr =s = 1.

Corollary 2.5: LetX be a complete G- Banach space such thatV satisfy a — property witha < 1. /fS, T be
compatible mapping fromX into itself, satistying the following condition;

llx = S"xllgllx = T"yllg v lly = S"xllylly — T“yllg)
llx = llg llx =yl

IS7x = T*yllg < k4 (

" <|Ix = S"xllglly =T*ylly _ llx = T*yllglly — 5’x||g>
2 llx =yl llx = yllg

Global Journal of Science Frontier Research (F ) Volume XII Issue I Version I E January 2012

+ ka{llx — S7xll,Vily — T*yll,Vilx — T*yll,Vily — S"xll,Vilx — yll ;) 221

For non negative ki, k,, ks suchithat 0 < ki +ky, + ks <1. and r,u € N (set of natural number) Thens,

] T have unique common fixed point inX.
Proof : This can be proved easily by theorem - 2.2, on takingr =u = 1.
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